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Abstract—A. K. Naghdi's[1] closed-form Green's function for a semicircular plate, clamped around the curved
edge and simply supported along its diameter, is re-derived by the method of images.

Consider a semicircular plate of radius R which is simply supported along its diameter and
clamped around its curved edge. In terms of dimensionless polar coordinates p = /R and 6, the
plate is described by 0=<p <1, 0< @ < 7. The plate is acted upon by a transverse concentrated
force P at the point (py, 0), where 0 < gy < 1,0 < 6, < 7. The resulting transverse displacement
w of the plate is given by

2
w= 1,-ll-;—G(p, 0; po, 6o) n

where D is the flexural rigidity of the plate and G is the biharmonic Green’s function for the
semicircular plate. The latter function is to be determined as a solution of the differential
equation
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subject to the boundary conditions
G=0,%g=0, atp=1,0=s8=m; 3)
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In (4), v denotes Poisson’s ratio. A closed-form result for the Green's function G was recently
obtained by Naghdi ([1], eqn 33). In this note Naghdi's result is re-derived in a simpler manner
using the method of images.

In our approach the Green’s function G is continued to the full circular region 0<p <1,
~ < § <, by defining

Glp, 8; po, 60) =~ G(p,~ 0; po, 6y), Osp=<Il, —w=<6=<0. )

Then the continued function G will satisfy the differential equation

v=v=c;="—‘!’—p.}ﬂ°—’a(o-oo)—§-‘ﬂp‘72°—’a(o+oo), 0=p<l, -7sfsn ©)
and the boundary conditions
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For reasons of symmetry the solution of the problem (6), (7) will automatically satisfy the
boundary conditions (4). Clearly, the function G represents the deflection of a clamped circular
plate due to opposite concentrated loads at the points (ps, = 6,). Hence, G can be expressed in
terms of the Green’s function G, for a circular plate clamped around its edge, viz.

G(p, 8; po, 90) = Golp,8;p0,00) — Golp.0;po0, ~ 6y). ®)

The Green’s function Gy is well known from early investigations by Micheli[2] and Melan[3]},
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i
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Thus we obtain as our final result

o= L o2 _ [p’+po’~2ppocos(0—go_)~]”2
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1t is readily seen that G =0 and 9*G/a¢*=0at0<p=<1, § =0, 6 = =; hence, our solution does
satisfy the boundary conditions (4) as already predicted above. The present closed-form result
for the Green's function G is in accordance with ([1], eqn 33) after some re-arrangement of
terms.

Finally, it is pointed out that the method of images can also be used to construct the Green’s
function G, for a plate sector of angle n/n, n=1,2,3,..., clamped around its curved edge and
simply supported along its boundaries @ =0 and 6 = #/n. For example, in the cases n =2 and
n =3 corresponding to a quarter sector and a 60°-sector, respectively, it is easily found that the
Green's functions G, and G, are given by

GZ(psG;pO:GO) = GO(P’G',P()’OO) - Go(Pye',Po»“ 80)
- GD(pao.vp()v - 00 + 7’) + GO(va;pm 00 - 7T)a (1 1)

Gs(Pﬁ?Pnﬁo) = GO(pso;pD! 90) - 60(096 W00~ 80)

~ Golp,8;p0, — 8o+ 27/3) + Golp,0;p0,80 — 27/3)
+ Go(p,o;po,eo + 2'77/3) - Go(p,o;po, - 00 - 211’/3) (12)

For general n, n =1,2,3,..., the Green's function G, can be expressed as
s~
Gn(pae;p()ie()) = giGo(Pﬂ;Po:go + Zk‘ﬂ'ln) - GO(psa;pO’ - 80’ Zkﬂ';ﬂ)], (13)

where it has been used that Go(p,8;p0,80) is periodic in 6, with period 2.
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